Multi-objective optimization with
Post-Pareto Optimality Analysis for the
Integration of storage systems with reactivepower compensation in distribution networks
V. Fernão Pires *§, A. Vieira Pombo*, João Miguel Lourenço*
*

ESTSetúbal-Instituto Politécnico Setúbal/DEE, Setúbal, Portugal
§
Inesc-ID Lisboa, Lisbon, Portugal

Abstract— The integration of energy storage systems in power distribution networks allows to obtain
several benefits, such as, the minimization of energy losses, the improvement of voltage profile and the
reduction of the energy costs.. However, due to the high cost of these energy storage systems, this
integration must be carefully applied. Thus, this work proposes the integration of energy storage systems
based on a multiobjective optimization. The type of storage systems that is considered are the batteries.
These systems require electronic power converters as an interface between the batteries and the grid.
Thus, this work uses those converters to supply an ancillary service, more specifically, reactive power
compensation. In this way, besides the peak shaving, the optimization approach will also consider the
reactive-power compensation, allowing to improve the capital investment return of these systems. The
reactive power compensation considers the maximum active power of the converter, to minimize the cost
of the system. In consequence, when the energy storage system is at its maximum discharge mode, the
reactive power compensation function will be inhibited. Since the multi-objective optimization generates a
Pareto-optimal set with a large number of solutions, an approach to support the choice of the solution is
also proposed. This approach considers a new post-Pareto analysis, which is based on the sum of the
ranking differences. To demonstrate the applicability of the proposed approach, a case study using the 94bus real test feeder is presented. Three scenarios tests are also presented for the post-pareto optimality
analysis, each considering different weights for the objective functions. The results show that even for a
specific case where the weights are assigned for each of the objective functions, more than one solution is
obtained.

Index Terms— Radial distribution systems, energy storage systems, energy losses, optimal storage
locations, reactive-power compensation, multi-objective optimization, post-Pareto analysis, sum of
ranking differences.

1. INTRODUCTION
Electrical distribution networks have been object of extensive studies in the past decades.
These studies have covered a wide range of areas and amongst these are the optimization of
power flow, the reduction of losses in the system, the allocation of distributed generation, the
improvement of voltage profiles and the improvement of systems reliability concerning
different equipment’s in the distribution network. Another area nowadays studied in
distribution networks is the optimal allocation and use of storage systems.
One of the areas that energy storage systems have been considered that can play an
important role, is the peak load shaving. In this context, operating strategies and modification
of the power diagram were proposed in [1-3]. Another approach using energy storage systems
for peak load shaving, power curve smoothing, and voltage regulation of a distribution
transformer was proposed in [4]. A work that allows to obtain an economic dispatch through
the optimal size of energy storage systems under the context of load leveling operation was
presented in [5]. This type of approach presents several advantages such as the increase of
capacity in distribution and transmission electrical systems, the reduction of losses and energy
costs. In [6] a storage system is used to control the frequency regulation and peak shaving.
They show that the storage device can regulate frequency effectively due to its fast response
time, while still performing peak-shaving services. In [7] is analyzed the effectiveness of a
Battery Energy Storage System ability to peak shave and smooth the load curve of an actual
circuit on the island of Maui in Hawaii, in a distribution circuit that has about 850 kW of
installed rooftop photovoltaic generation. In [8] is also presented a battery storage system for
peak shaving applications but in this case to study the break-even point. The problem of the

peak shaving considering the optimal size and operating strategy for battery energy storage
systems was proposed in [9]. These storage systems were also studied considering methods to
determine their location and optimal capacity was also presented in [10]. A control system for
the charge/discharge of the battery storage systems, considering the goal of peak load shaving
and regulation of the distribution transformer voltage was proposed in [11]. The allocation of
storage systems in distribution networks taking into consideration a multiobjective formulation
was presented in [12]. In this approach besides the technical aspects of the network, the
minimization of the investment costs were also considered. A study analyzing the cost-benefit
of installation battery storage in distribution networks for peak shaving was presented in [13].
A review that presents several strategies for peak load shaving through the use of demand-side
management, integration of energy storage system and integration of electric vehicle was
presented in [14]. Other studies related for optimal allocation and sizing of renewable DG
sources in various distribution networks have also be realized [15]. Another problem that has
been addressed is the allocation of the capacitors in distribution lines with the purpose of
improving the voltage profile and alleviate the lines. This has been addressed by single and
multiobjective optimization [16-18].
The use of storage systems in distribution networks has also been applied to other purposes
[19, 20]. In fact, one of the important applications is in service quality. In this context, the
optimal planning, allocation and size of energy storage systems in radial distribution networks
was also addressed in [21]. In this work, this optimization was realized with the intention of
reliability improvement. In [22] was also proposed a formulation for the integration of storage
systems within distribution networks to improve network reliability. However, in this work a
multiobjective optimization was used considering also the investment costs. Other uses for
energy storage systems in distribution networks were also addressed. In [23] it is proposed a
reactive power control for an energy storage system with a real implementation in a Micro-

Grid. They have achieved good performance to adjust the power factor in respect to the main
distribution grid and an EV charging station. In [24] is presented a review of reactive power
compensation techniques in microgrids. In [25] is proposed a hybrid estimator for the control
of the active and reactive power to enable the hybrid renewable energy generation system to be
able to perform real-time grid interconnection services such as active voltage regulation, active
power control, and fault ride-through. In [26] is presented an analysis of several key factors
that can affect energy storage security contribution. Approaches in which is used energy
storage systems to overcome the problem of high penetration of renewable sources have also
been presented. A methodology to characterize the maximum energy storage requirements
with the purpose to balance an area or interconnection was proposed in [27]. Also, in [28] a
high penetration of photovoltaic generation a coordinated control of distributed energy storage
system with tap changer transformers for voltage rise was presented. With the purpose to
maximize the benefits for both the distribution generation owner and the utility, in [29, 30] is
presented an optimal allocation of storage systems in distribution networks with a high
penetration of wind energy. The use of storage systems to attenuate the intermittency and
voltage problems due to the high penetration of photovoltaic generators have also been
addressed in some works [31-36]. An approach in which is presented a multiobjective
optimization regarding the capability of the storage systems to provide ancillary services was
proposed in [37]. In this formulation, it was considered the technical aspects of the grid
together with investments costs. In [38] energy storage is assessed for utility side economic
benefits. A method to control a battery storage system with the goal to maintain the voltage
profile of microgrids inside defined parameters was proposed in [39].
To analyze the use of battery storage systems in distribution networks it must be considered
that consumers want continuity of supply, in quantity and quality and not only in its simple use
as a final consumption good. Historically, system operators have used existing generators as

reserve capacity rather than storage systems. So, its use must consider economic factors as well
as regulatory barriers. On the other hand, the use of battery storage systems is relatively new,
which reflects its high prices and in a lack of markets. Under this context, this work proposes a
multiobjective planning approach for distribution networks incorporating storage devices. The
main objectives are allocation and size of the energy storage systems for load leveling and
reduction of the energy costs, but also taking into consideration the reduction of the power
losses and costs associated with the installation of storage devices. Since there is more than one
objective it’s not possible to find one unique optimal solution, but a set of good solutions
called non-dominated (Pareto optimal) solutions. They are feasible solutions for which no
improvement in all objective functions is simultaneously possible. To improve an objective
function it is necessary to accept the worsening of at least one of the value of another objective
function. In real-world problems, a high number of diversified non-dominated solutions
generally exist. Therefore, it is important to characterize as extensively as possible the Pareto
optimal front, namely in order to grasp the trade-offs between the objective functions that are
at stake in different regions and those that are relevant for decision support purposes [40]. Each
solution found, proposes the location and the size of storage devices, associated with the cost
and the energy losses. A Particle Swarm Optimization algorithm was used to obtain a Pareto
front that is characterized by the optimal compromise between the conflicting design
objectives. It should be noted that multi-objective functions can be converted into a single
objective function considering a weighted sum. However, that option is somewhat arbitrary,
moreover, for the same DM's preferences (the same weigths), different criteria give different
results, and this on the assumption that the DM can easily specify his preferences, which does
not always occur. The advantage of the multiobjective approach is that it requires no such
choice, and lets the evolutionary process free to explore different trade-offs between the
objectives. This way, it allows to choose a posteriori a specific trade-off on the basis of the

analysis of the obtained solutions. Due to this, the multiobjective approach leads to a large
exploration of the possible solutions to a given problem, and allows the generation of a wide
set of solutions, all optimizing the trade-off between the given objectives [41]. Thus, to give to
the decision maker a wider vision of the optimal solutions it was decided to use a
multiobjective approach. One of the problems associated with multiobjective optimization is
the choice of a solution. In fact, the number of works is limited and normally with low
flexibility since only allows to the decision maker (DM), to choose a solution that is located in
more or less in the middle of the Pareto frontier [40, 42]. To overcome this problem, in this
work is proposed a new approach. It follows the principle that must be given flexibility to the
DM to choose different solutions in accordance with several scenarios. The proposed planning
approach is validated on a 94 bus real radial distribution system.

2. INTEGRATING STORAGE SYSTEMS IN DISTRIBUTION NETWORKS
Storage systems can be used in distribution systems to provide several kinds of support. One
kind of support that these systems provide is the attenuation of the impact of intermittent
renewable energy sources in distribution networks. In these kinds of applications, large storage
systems are often used [43]. However, at the level of distribution networks it is possible to
obtain benefits with the use of distributed storage systems. In fact, distributed deployment of
storage allows the reduction of thermal strain on the networks and the improvement of the
voltage profile during the peak load periods. Benefits related to the investments and cost can
also be achieved. Regarding the investments, the benefits are related to the deferred
distribution investments since it is possible to integrate the several storage systems over time.
There are several types of storage systems that have been tested and used in several
applications. Among these, storage systems based on batteries are one of the most commonly
used solutions. However, to connect the batteries to the grid, power electronic converters are

required as an interface between these two systems. Fig. 1 shows a typical scheme of a storage
system based in batteries connected to the grid.
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Fig. 1: Typical scheme of a battery energy storage system.

Besides the capability to be an interface between an AC grid and a DC storage system,
electronic power converters can also control the active power that is injected or absorbed from
the grid. This control ensures the required charge or discharge of the storage system. However,
the inverter can also provide ancillary services such as the requests of reactive power.
Under this context, this work proposes to optimize the integration of storage systems in
radial distribution networks taking into consideration two factors: peak shaving and
compensation of reactive power. These factors will allow the minimization of energy losses,
the improvement of the voltage profile and the reduction of the cost of energy. However, the

The storage systems will supply active power at their nominal value at peak hours, since it is
the most beneficial for the grid. However, since the number of hours associated with this
period is lower than the number of hours associated to the off-peak period, the storage
systems can charge during a higher period. This will allow to reduce the losses in the
distribution lines. Due to this, those systems will charge with a lower value than the nominal
power of the inverters. This will allow for some reactive power support. On another hand,
since during the shoulder period the storage systems will not charge or discharge, the inverter
integrated in the storage system can support the grid up to the nominal power of the inverters.
Fig. 3 shows a graphic with the Conditions for the maximum active and reactive power that the
energy storage systems can achieve, considering the maximum apparent power of the inverter.
This graphic shows three points in which it is possible to see that P1 is the point with no
reactive compensation capability, P2 is the maximum reactive compensation capability and P3
the point with the same capability for the active and reactive power transference.

Fig. 3: Conditions for the maximum active and reactive power that the energy storage systems can achieve considering the
maximum apparent power of the inverter.

The works that have been focused on the optimization of the use of storage systems in
distribution networks [37], addressed the problem of the location and size of these systems

taking into consideration voltage deviations, losses and energy cost. These variables and the
investment costs are integrated in a unique fitness function. From the results it is possible to
verify that normally, only a reduced number of storage systems are allocated and with
dispersed sizes. Since the objective functions are all merged in one objective function, only
one final solution is presented. This work adopted a different strategy to allocate the storage
systems in radial distribution networks. Considering that storage systems are expensive, it is
proposed a standard group of storage system to obtain a large number of systems with the same
characteristics. Another particularity of this solution is that it also allows for a simpler
maintenance with reduced costs. On the other hand, it was adopted the use of storage systems
with reduced sizes in order to spread them into the network. This will also result in a higher
reliability of the system, once a fault in one storage device will not have a large impact on the
system. Since a multiobjective approach is used to resolve the problem, a set of Pareto
solutions will be obtained. Thus, the decision maker will have the possibility to verify
compromises between the several non-dominated solutions set. Besides that, for the location
and size of the storage system it was also considered the reactive power planning. This will
allow to improve the voltage buses and reduce the losses in the distribution lines, once the
inverters used in the storage system can also provide reactive power. However, the reactive
compensation provided by the inverters will be limited until their capability that is given by
equation (1). In this way, the problem becomes the merge of two optimizations, in which by
one side is made the optimization of the storage systems and by other the optimization of the
reactive power planning. So, the problem is addressed in order to find the best locations to
allocate the storage systems, as well their sizes taking into consideration the standard group of
storage systems, with the purpose to reduce the losses in the distribution lines. It was also
considered another optimization that is in conflict with the first one, which is the reduction of

the costs. So, the optimization program will give the buses number and the size for each
storage system allocate to each of the choose bus.

3. PROBLEM FORMULATION
In this work, several factors were considered in the planning of the integration of the storage
systems in radial distribution networks. Thus, several objective functions are considered to
ensure that storage systems will support the network with the following ancillary services:
peak shaving and compensation of reactive power. Besides this objective function, another one
was considered, related to the minimization of the investment and maintenance costs of the
storage systems. Since this last objective function conflicts with the other objective function, a
multiobjective optimization is performed. After the optimization, the set of optimal solutions
(Pareto front) will be available to the decision maker in order to give him the possibility to
choose according to he’s strategic goals According to what was said, a multiobjective
formulation considering a Pareto dominance relation, was realized as described in (2):
min

f ( x ) = ( f1 ( x ), f 2 ( x), f 3 ( x ))

s.t. : x ∈ Ω

(2)

The definition of the two objective functions is presented below.
3.1 OBJECTIVE FUNCTION - POWER LOSSES
One of the main criteria is the reduction of power losses due to the peak shaving and
compensation of reactive power. Since the resistive losses of the distribution lines depend on
the square of the current through these lines, then, peak shaving will also contribute for a
reduction of those losses. Proper reactive power compensation will also allow a reduction of
the distribution line losses and improvement of the voltage profile. Thus, to formulate the
problem considering the power losses as one of the objective functions, the calculation of the
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For the power flow calculation it was used a method proposed in [44]. This method is an
interactive process. This approach avoids problems that sometimes appears in power flow
programs that use the conventional Newton Raphson and fast decoupled load flow methods,
which are inefficient in solving such networks [44]. This way, through the use of the adopted
power flow method, the application of the proposed approach to large scale systems normally
does not present any problem (essentially it is the power flow that limits the application to
large scale systems). Regarding the adopted interactive power flow method, for each iteration
k, can be described as follows. Initially is considered that the losses of the branches are null
and the voltages in all buses are equal to the specified reference voltage at feeder bus where the
service transformer is located. According to this and using the previous equations it is possible
to determine the currents of each branch. From the analysis of Fig. 3, the power injected at bus
m must be equal to the sum of the power injected at buses t, plus the power of loads and
storage at bus m, and finally the line power losses between buses m and n. The complex
powers are calculated starting from the end bus to the feeder bus. After this, the buses voltages
are calculated. The determination of these new voltages is done from the feeder bus to the end
bus of the radial network. Thus, the new voltages will be determined using the reference
voltage, specified on the service transformer bus, taking into account the complex powers
given by equation (5). In this way, the following is used to determine the voltages:
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where k is the iteration under consideration and k-1 the previous iteration.
After the determination of the voltages in each of the busses, the power losses through line
m–n are obtained through the next equation:
k −1 
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This iterative process will be repeated until a convergence is achieved. The condition
for the convergence process is ensured through the comparison of the voltages at each bus in
iteration k, with the same voltages but for the previous iteration (k-1). This way, if the
difference between them is greater than a specified value of tolerance, then all process will be
repeated until the convergence is reached.
Although necessary, the previous equations are not enough to define the objective function
since they do not depend on the decision variables. These must be associated with the
allocation (or not) of a storage system in a specific bus (Bm), as well as their capacity (type k).
This way, the decision variables will be expressed by condition (8) where k represents the
different capacities of the storage system. So, for example, if storage systems are considered
with six different capacities, variable k will be defined from 1 to 6.

 k if the new storage PF j is installed in Bm
amk = 
 0 otherwise

(8)

It should be noted that the introduction of a storage system will affect the active and reactive
power that is injected or received from the grid. The maximum power that is injected or
received from the grid is defined by the apparent capacity of the storage system that was
chosen. Thus, the storage active power injected/received in a specific bus m for a storage

system with a specific capacity ( PSmk ) can be formulated by equations 9 and 10 (being SS k the
apparent power of the storage system inverter).
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(9)

(10)

Regarding the maximum reactive power that is injected or received from a specific bus m, it
is defined by the apparent capacity of the storage system that was chosen and the active power
that is eventually injected or received (a condition defined by equation 1). Thus, the reactive
power injected/received in a specific bus m for a storage system can be formulated by
equations 11 and 12.

QS = sign(amk ) f QS k
m

, 0 ≤ QS k ≤ Ss2k − Ps2k

 + 1 inductivemode
f =
 - 1 capacitivemode

(11)

(12)

Considering the decision variables and the previous considerations, it is now possible to
define the first objective function. In fact, the mathematical model of the problem that
represents the minimization of the total losses of the distribution lines is given by (in which

V m(t+i) is the voltage in each of the branches):
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3.2 OBJECTIVE FUNCTION - COSTS
As said before, the other desired criteria is the minimization of the investment costs of the
storage systems. The formulation of this cost is given by equation (8), where cj is the cost of
the storage system which is a function of the capacity (k = 1,2,3, …). The decision variable
associated with this function is also given by (8), and defines if a storage system with a specific
capacity (k) is installed in bus m.
M

Min

F2 = Min ∑

Y

∑a

j
m

cj
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M =0 j = 1

It should be noted that this second objective function is in conflict with the first one. In fact,
the reduction of the number and capacity of the storage systems (minimization of this objective
function) will affect negatively the other objective function and vice versa.

3.3 CONSTRAINTS
There are also a set of constraints associated with this problem. The first constraint is related
to the power balance of the distribution network that must be ensured in all circumstances
(with losses of the network and with or without the storage systems). Another constraint is
related with the service quality, namely with the voltage profile of the distribution network that
must be inside a window defined by a minimum and maximum voltage level. This can be
formulated by the following condition (where Vi represents the voltage in bus i):

Vi min ≤Vi ≤Vi max

(15)

The constrain associated to the injected reactive power by each of the storage system is given
by the condition presented in equation (1).
As said before, due to the limitations of traditional methods, it was used the algorithm
introduced by Das. In this context, the system constrains should also be ensured. This will be
achieved through equality constrains that are given by the power balance equations which
ensures that the load demand is met by considering the line losses of the network. This is given
by [16]:
n
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Where Pin and Qin are the real and reactive powers injected in the feeder bus, i is the line
j
j
number, i is the bus number, n the set of all brunches, nb the set of all buses, PLoad
and QLoad
j
j
the real and reactive load powers in bus j, PStorage
and QStorage
the real and reactive storage

powers in bus j.
The maximum apparent power transferred through each line is given by the next constrain:
max

Sl = Sl
max

Where S l and S l
respectively.

∀l ∈ nb

(18)

are the apparent power of line and maximum allowed capacity of line,

In many distribution networks, it is not possible to allocate storage systems to some of the
buses. In this case, a new constraint should be introduced, which can be formulated by the
following:

 1 if it is possible to locate a storage at bus B
m
bm = 
 0 otherwise

(19)

According to the previous, each time that a storage system is attributed to a specific bus,
constraint (19) should be verified. So, if for a bus (m) is attributed to a storage system and
variable b is zero, then it should be obtained a new solution regarding the attribution of a
storage system to a bus.

4. PSO MULTIOBJECTIVE ALGORITHM
To obtain the optimal solutions for a problem with several objective functions in conflict
with each other, several different approaches were proposed. Amongst them, one of the most
used and interesting is the Particle Swarm Optimization Algorithm (PSO) [45]. Thus, due to its
characteristics for the resolution of the described problem, it was adopted a multiobjective
optimization algorithm based on this approach. This algorithm considers that local interactions
motivate the population behavior and that the experience and discoveries of other members can
beneficiate an individual member of the population [46]. This algorithm has a populationbased approach, which means that it uses a group of “particles” [47] to explore the fitness area
of the problem. In this optimization problem, the position of the particle is moved to a more
optimal position, in a multi-dimensional search space. The position of the particle is moved
considering its position as well as the position of the surrounding particles. Besides de particle
characteristic this optimization method has another characteristic called “swarm”. This
characteristic consists of a group of particles that surrounds the particle as well as its historical

experience. Each particle, described by a vector, is a possible solution that can be evaluated
with respect to several dimensions. These dimensions can also be referred to as fitness
functions. In each interaction, each particle moves through the fitness area in accordance to its
current fitness value, to those of the nearby particles and the swarm as a whole. In the PSO
each particle represents a possible solution. In a k-dimensional search space, an

individual

particle can be represented by a vector representing the various positions of the particle:

)

(20)

In its move to the optimal position, the previous best position of the

particle is kept by:
(21)
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/; / is the size of the swarm population; ) is a limitation

factor that controls and restricts the velocity magnitude;
control exploration and exploitation in the search space;

is the inertial weight usually used to
and

are constant acceleration

coefficients; ; 0 and 0 are random numbers; ; #* is the time step. The PSO algorithm is
iterative as can be seen in the following algorithm:
Begin
// S_pop : size of MOPSO population

// S_gen : Maximum number of iteractions
-

Initialize the generation of the particles swarm. In this step, the position of each
particle in initialized randomly within the variable range. The velocity is also
randomly initialized within the values ranging from 0 to 1

-

Find the initial non-dominated solutions. In the current population, the nondominated solutions are identified and archived

-

Iteraction 1

While iteraction <= S_pop
For i=1,..,S_gen
-

From the stored non-dominated solutions, select a leader from the archive

-

Update velocity of the particle swarm

-

Update position of the particle swarm

-

Decode particle to get the location and size of the storage systems

-

Determine the objective functions
Endfor

-

Find the non-dominated solutions

-

Update the archive of non-dominated solutions

-

Iteration = iteration + 1

Endwhile
-

Optimal solutions that consists in the final set of the non-dominated solutions
(solutions with the location and size of the storage systems)

End

In this algorithm, the front is usually continuous, so another criteria is used to select the nondominated solutions to keep in the final archive. This criteria usually includes some diversity
measures. This is used to ensure a good and well-spread coverage of the solutions in the front,
opposed to the clustering of the solutions in one area. One technique used to obtain the
diversity of the solutions in the front is the use of ε-dominance. This technique considers an

increase by a small constant in the area dominated by a solution. This will have an effect of
spreading out the solutions kept in the archive.

5. POST-PARETO ANALYSIS METHODOLOGY
The choice of the adequate solution from the set of optimal solutions is normally a difficult
task. To overcome this problem some works have addressed this problem. However, these are
limited and normally with low flexibility. Normally they only allow the decision maker (DM)
to choose a solution that is located more or less in the middle of the Pareto frontier. To
overcome this problem, a new approach has been proposed in [48]. This work proposes an
algorithm that follows that principle, that is, it gives flexibility to the DM to choose different
solutions in accordance to different scenarios. Thus, with the goal of selecting the best subset
of optimal solutions amongst the Pareto solutions which satisfy the DM preferences, the next
algorithm must be followed:
1.

Obtain a set of feasible solutions along the Pareto frontier with a multiobjective
optimization method.

2.

Assign weights (costs, or penalties) to the objective functions according to the DM’s
preferences.

3.

Apply several decision-making methods (DMMs) to the Pareto solutions for a range of
different weights, centered on DM preferences, and select the solutions chosen by the
DMMs. It is necessary to have at least seven DMMs to avoid a random ranking of the
solutions [49].

4.

With the DM’s priority weights, selected in 2, apply the DMMs to the set of solutions
obtained in 3.

5.

Use the sum of ranking differences (SRD) analysis [50], as explained below, to rank the
solutions obtained in the last step; empirical evidence suggests that the number of
solutions surpasses seven.

6.

Finally, the use of a comparison of ranks by random numbers (CRRN) and/or cross-

validation (CV) to verify if the SRD ranked solutions are statistically significantly different
from the random ranking and from each other, respectively.
The SRD approach needs an input data matrix consisting of objects arranged in rows (in the
present case the DMMs) and methods (in this case the Pareto solutions) arranged in columns.
The matrix entry in the i-th row and j-th contains the DMM value calculated for the j-th
solution with the i-th DMM.
To compare the solutions by SRD:
1.

A reference (benchmark) must be provided. If the ideal reference values are unknown,
the minimum, maximum, mean, or median of each row can be used as references,
depending on the application (in this work, maximum or minimum was always chosen,
depending on whether the DMM is maximized or minimized).

2.

Rank the objects (DMMs) for each method (solution) separately in increasing order, the
reference is also ranked. The smallest value receives rank number one, the second
smallest, number two, and so on.

3.

Calculate the absolute difference between these ranks and the reference ranking.

4.

Sum up the absolute ranking differences for each method (solution) to obtain an SRD
value for each solution. Smaller SRD values indicate better solutions, as they are closer
to the reference (in terms of ranking behavior).

The Validation approaches of the SRD algorithm, which corresponds to the point 6 of the
post Pareto analysis algorithm, are CRRN [50] and/or CV. For CRRN, theoretical distributions
of the SRD values are generated for random numbers and are used to evaluate how far the SRD

ranked values are from being ranked randomly. Solutions statistically significantly different
from random ranking are far from each side of the theoretical or fitted Gaussian-like curve at
the significance level p = 0.05. To assess the significance of differences in the SRD rankings of
the methods, variability is introduced by sevenfold CV (n > 13) or leave-one-out crossvalidation (n < 14) procedures. These procedures create seven, or n datasets by removing 1/7th
of the DMMs, or just 1, in each step (where n is the total number of DMMs), that are subjected
to SRD procedure. This results in the same numbers of SRD values for each solution, allowing
the estimation of their uncertainty.
Statistical differences between solutions can be tested by applying the Wilcoxon’s matched
pair test, and/or the sign test.

6. NUMERICAL RESULTS AND ANALYSIS
With the purpose of testing the proposed methodology applied to resolve the problem of the
allocation and size of the energy storage systems in radial distribution networks considering
the investment costs, a case study was used. More specifically a real Portuguese radial
distribution network with 94 buses [17], of which it’s single line diagram is shown in Fig. 4.
The algorithm developed for this work also considered a limitation of the number of buses in
which the storage systems can be installed. In accordance with this restriction, it was
considered that twenty-five is the maximum number of buses in which a storage system can be
installed.

Fig. 4: Single line diagram of the 94-bus radial distribution network.

There are several battery types that can be used in energy storage systems, but in this work
was used one of the most advanced and adopted by the market, the Lithium-ion (Li-ion)
battery. This type of battery is characterized by presenting one of the best capacity-cost
relationships. In this work, energy storage systems with different capacities were used. More
specifically three, with their cost being function of the capacity. The relationship between the
capacity and cost of the used energy storage system is shown in Table 1.

Energy Storage
System [kW]
27
55
82

Cost [Euros]
22000
43000
65000

Table 1: Adopted energy storage systems types for this study.

Regarding the load profile, it was adopted a typical Portuguese distribution network profile
(Fig. 5). This profile was adapted to the case study under analysis, in which the peak power

corresponds to the power defined in the data of that network [17]. It should be noted that the
number of hours associated with each of the periods is different. Thus, for the off-peak,
shoulder and peak periods, it was considered periods of 8 (0h00-8h00), 12 (8h00-18h00 and
22h00-24h00) and 4 (11h00-13h00 and 18h00-22h00) hours, respectively. From these
considerations, it was defined that the storage systems will discharge during 4 hours (peak
period to support the grid) and charge during all off-peak period (8 hours) to minimize the
effect of the load that these systems have during the charging mode and also to provide the
ancillary services. In this way, since the inverter is sized for the peak period, during the
charging period this converter is able to supply reactive power. During the shoulder period, the
storage systems are not operated in charging or discharging mode. However, they can be used
to operate as a reactive compensator that will allow reducing the losses of the distribution
network and improving the voltage profile. To avoid the use of an inverter with a higher
apparent power than the required for hit’s operation as a storage system, it is possible to
generate a maximum reactive power that is equal to the size of the capacity used during the
peak period (equation 1). Regarding the operation of the batteries, as said before, they will
charge over the 8 hours of the off peak period, and will discharge over the 4 hours related with
the peak period. The capacity of the batteries was sized to supply per day a constant
instantaneous power during 4 hours (with the power described in Table 1). Battery sizing was
made bearing in mind the depth of discharge (DOD). In this case it was considered a DOD of
50% which takes into consideration the aging process. Since the period related with the offpeak hours is higher than the period of peak hours, the charge of the storage system is
controlled at reduced power. Since the number of hours related to the off peak is the double of
the peak, the storage system will be charged at half of the power considered in the discharged
mode. This also allows to give reactive support to the grid by the storage systems, since they
are not operating at maximum apparent power in the charging process.

Fig. 5: Typical daily load profile of a Portuguese distribution network.

According to the previous considerations, the proposed multiobjective optimization approach
was applied to the case study. The final results obtained from this application are presented in
Fig. 6. Analyzing the figure, it is possible to see that the obtained Pareto-optimal front is well
defined and with well spread solutions.

Fig. 6: Obtained Pareto optimal set after the application of the proposed multiobjective optimization approach.

To reduce the number of solutions of the Pareto-optimal set and indicate the best ones in
accordance to the DM’s preferences, three post Pareto analysis based on the SRD analysis was

performed. These analyses correspond to three different DM’s preferences or objective
“weights”, which are present in Table 2.

Scenarios
Scenario 1
Scenario 2
Scenario 3

First objective function
W(Losses)
50%
20%
80%

Second objective function
W(Cost)
50%
80%
20%

Table 2: The DM’s preferences applied in this case study.

In all the analyses that follow 9 DMMs were used (step 3 of the Post-Pareto analysis
methodology): desirability [50], Hu Hamada and KL methods [51], weighted Tchebycheff
metric [52], SMARTS [53], PROMETHEE II [53], fuzzy [53], quality loss function [54] and
weighted desirability function [55]. Before the SRD analysis, the matrix lines were row-wise
standardized.
The reference ranking was chosen the same way for the three scenarios, as the maximum
row values (of the SRD matrix) for desirability, Hu Hamada, weighted desirability, SMARTS,
PROMETHEE II, fuzzy and KL, and minimum row values for the quality loss function and
Tchebycheff metrics. In accordance with the previous considerations and three different DM’s
preferences or objective “weights”, the application of the proposed methodology for the postPareto analysis allowed to obtain the solutions presented in Fig. 7.

Fig. 7: Obtained Pareto solutions, for the three different scenarios, after the application of the proposed methodology for the
post-Pareto analysis.

Next, it is presented a detailed analysis for each of the three scenarios:
•

Scenario 1

After de application of the DMMs to the Pareto solutions (step 3), for the weight values of
0.45, 0.46, …, 0.54, 0.55, the initial number of 40 solutions was reduced to 18. With this
reduced set of solutions, the SRD analysis (step 5) was carried out on a matrix, which was
formed by 18 columns with the solutions to be compared, and 9 rows, obtained with the
above-mentioned DMMs for the “weights” of 0.5 (step 4). The SRD-CRRN analysis is shown
in Fig. 8, being the solutions s17, s18, s19, s20 and s21 ranked statistically, and significantly
different from random ranking, as they do not overlap the random distribution. In this figure, it
is also possible to identify the best solutions (i.e. closest to the reference) as the solutions s19
and s20.

Fig. 8: Scenario 1: SRD plot comparing the Pareto solutions. Scaled SRD values (between 0 and 100) are plotted on the x
axis and left y axis. The right y axis represents the relative frequencies for the theoretical distribution function (black curve).
The probability levels are also displayed (XX1 = 5% limit, Med = median, XX19 = 95% limit).

Figure 9 shows the box and whisker plot that illustrates the uncertainty of SRD results,
computed by leave-one-out cross-validation (step 6). This plot also seems to show that the best
solutions s19 and s20 are indistinct and different from all the other solutions. These same
results are confirmed (with exception of s20 and s18 that show no statistical difference), at a
significance level of 5%, by the Wilcoxon signed rank test (step 6).

Fig. 9: Scenario 1: box and whisker plots of the Pareto solutions for leave one out CV based on SRD. The outliers are plotted
using a red '+' symbol.
.

•

Scenario 2

In this scenario the weights of the losses vary between 0.15 and 0.25 with increments of
0.005, being the weights of the cost equal to 1-W(losses). After applying the DMMs to the
solutions (step 3) an SRD analysis was made to a matrix with 9 columns (solutions to be
compared), and 9 rows (the DMMs values for W(losses) = 0.2 and W(cost) = 0.8). According
to the SRD-CRRN analysis, the best solutions are s6 and s7 which are significant, at a
significance level of 5%, against random ranking. Furthermore, the Wilcoxon matched pair test
also shows that solution s7 (the better one) is different from all the other solutions.
•

Scenario 3

This time the weights are reversed relatively to Scenario 2, the weights of the losses vary
between 0.75 and 0.85 and the weights of the cost between 0.15 and 0.25, with the increments
of 0.005. The application of the DDMs to the solutions reduced their number to 9, of these,
according to the SRD-CRRN analysis, only solutions s31 and s32 are significant. The
Wilcoxon signed rank test (step 6) show that there is no significant difference between the
SRD values of the two solutions and that these solutions are significantly different from all the
other solutions.
As said before, these solutions will affect several factors, such as energy losses, peak power,
and voltage profile. Regarding the impact on the distribution network losses, in Fig. 10 is
shown the reduction that can be achieved with the adopted solutions. As expected, solutions
s31 and s32 reaches a higher reduction for the peak hours. Comparing the losses (for the
maximum consumption power) obtained using these solutions against the situation with no
batteries, it is possible to conclude that a reduction of 58.8% and 59.5% can be achieved. As
expected, during the off-peak hours there is an increase in the losses since the storage systems
will be charged during that period. However, the losses of these solutions are only 30.4% and
30.9%, of the losses during the peak hours (reduction of the losses of 188.1 W and 190.0 W in

the peak hours and an increase of the losses of 57.3 W and 58.8 W in the off-peak hours).
Since the losses are proportional to the square of the line currents and the load during the offpeak of the storage systems is lower, the increase of the losses is lower than the correspondent
decrease. This happens, because they are charged with reduced power due to the fact that the
number of hours during the off-peak period is higher than the number of hours of the peak
period (charging at 40% of the nominal power in the off-peak hours). As also expected, the
lower differences are obtained with the solutions associated with lower investment costs (s6
and s7), being in this case 40.6%, and 41.5% of the losses with no batteries. Regarding the
increase in the losses in the off-peak hours, in this case, they are 25.3% and 25.6% of the losses
during the peak hours for the same solutions.

Fig. 10: Distribution network losses with no storage systems (No St) and for the adopted solutions for the maximum
consumption power during peak and off-peak hours.

The location and type of the storage systems for each of the adopted non-dominated
solutions for the three scenarios is presented in Tables 2, 3 and 4 respectively. As expected, for
the less costly solution it will be required storage systems with less capacity and vice-versa.

Solution

Cost[k€]

Losses
[kW]

S17

949

160.79

S18

970

158.45

S19

991

156.14

S20

1012

153.84

S21

1033

151.68

Location and type of storage systems in the distribution
network
Buses with storage systems:
20 21 23 26 27 28 30 31 32 61 65 66 78 79
80 81 83 84 85 86 87 88 89 90 91
Type of storage system:
2 2 2 2 2 2 2 1 1 1 2 2 1 2 2 2 2 2 2 2
2 2 1 1 2
Buses with storage systems:
20 21 23 26 27 29 31 32 62 64 65 66 77 78
79 80 83 84 85 86 87 88 89 90 91
Type of storage system:
2 2 2 2 1 2 2 1 1 1 2 1 2 2 2 2 2 2 2 2
2 2 2 2 2
Buses with storage systems:
20 21 23 26 27 28 31 32 60 65 66 76 77 78
79 80 83 84 85 86 87 88 89 90 91
Type of storage system:
2 2 2 2 2 2 1 1 1 2 2 1 2 2 2 2 2 2 2 2
2 2 2 2 2
Buses with storage systems:
20 21 23 26 27 28 31 32 61 63 65 66 77 78
79 80 83 84 85 86 87 88 89 90 91
Type of storage system:
2 2 2 2 2 2 2 1 1 1 2 2 2 2 2 2 2 2 2 2
2 2 2 2 2
Buses with storage systems:
20 21 23 26 28 30 31 61 63 64 65 66 77 78
79 80 83 84 85 86 87 88 89 90 91
Type of storage system:
2 2 2 2 2 2 2 1 2 1 2 2 2 2 2 2 2 2 2 2
2 2 2 2 2

Note:“0” section with no equipment, “1” section with a switch and “2” section with a battery bank
Table 2: Location and type of storage systems for the the adopted non-dominated solutions of scenario 1.

Solution

Cost[k€]

Losses
[kW]

S6

718

189.67

S7

739

186.83

Location and type of storage systems in the distribution
network
Buses with storage systems:
20 21 23 26 27 28 30 31 32 65 66 76
78 79 80 83 84 85 86 87 88 89 90 91 92
Type of storage system:
1 1 2 1 2 2 1 1 2 1 1 1 1 1 1 2 1 2 1 1
2 2 1 1 1
Buses with storage systems:
20 21 23 26 27 28 30 31 32 65 66 77
78 79 80 83 84 85 86 87 88 89 90 91 92
Type of storage system:
1 1 2 1 2 2 1 1 2 1 1 2 1 1 1 2 1 2 1 1
2 2 1 1 1

Note:“0” section with no equipment, “1” section with a switch and “2” section with a battery bank
Table 3: Location and type of storage systems for the the adopted non-dominated solutions of scenario 2.

Solution

Cost[k€]

Losses
[kW]

S31

1251

131.34

S32

1273

129.45

Location and type of storage systems in the distribution
network
Buses with storage systems:
20 21 23 26 28 30 32 60 61 64 65 66 76 77
78 79 82 83 84 85 86 87 88 91 93
Type of storage system:
2 2 2 2 2 2 2 3 3 2 2 2 2 2 2 2 3 2 3 3
3 2 3 2 3
Buses with storage systems:
20 21 23 27 28 31 59 60 63 64 65 66 76 77
79 80 82 83 84 85 86 87 88 89 91
Type of storage system:
2 2 2 3 2 3 2 2 2 2 2 2 2 2 2 2 2 3 2 3
3 3 3 3 3

Note:“0” section with no equipment, “1” section with a switch and “2” section with a battery bank
Table 4: Location and type of storage systems for the the adopted non-dominated solutions of scenario 3.

A Statistical study of the Distribution network losses of the obtained solutions and their
comparison with the no storage system situation was also realized and is presented in Table 5.
Based on these results it is possible to verify that in average is obtained a reduction of the
losses during the peak hours of 50 %. On the other hand, the average increase in the off peak
hours is lower, being around 44%. The previous results show that besides the reduction of the
peak power demand, the overall balance of losses is favorable to the distribution network with
storage systems when compared to the network without storage in around 6%. During the offpeak hours the storage system does not work regarding the charge or discharge of the batteries.
However, as said before, since the storage system requires an inverter it is possible to support
the grid with reactive compensation. From the obtained solutions, in which the reactive
compensation is considered, it is possible to verify that there is a further reduction of the line
losses in about 9% compared to the no reactive compensation. This shows the extra benefits
that can be achieved with that compensation. Regarding the standard deviation, it is very low
in the peak hours, about 6.5%, being higher in the off-peak hours, about 19% with
compensation. However, we must not forget that these solutions were obtained from three very
different scenarios (see Table 2), which seems to justify these results.

Peak
value
Without Storage
S6
S7
S17
S18
S19
S20
S21
S31
S32
Average
STD

% decrease
319

189
186
160
158
156
153
151
131
129
157
20

40.6%
41.5%
49.6%
50.3%
51.1%
51.8%
52.5%
58.8%
59.4%
50.6%
6.5%

OffPeak no reactive
compensation

OffPeak with reactive
compensation

Value

% increase

Value

% increase

71
104
105
115
116
117
118
118
128
130
112
16

46.2%
47.6%
61.9%
63.4%
64.8%
66.4%
66.6%
80.4%
82.5%
58%
23%

71
93
94
104
105
106
107
107
117
118
102
13

30.9%
32.3%
46.2%
47.6%
49.1%
50.5%
50.7%
64.2%
66.5%
43.8%
19.1%

Table 5:Losses of the obtained solutions for the peak hours and off-peak hours with and without reactive compensation;
The “% decrease” and “% increase” columns correspond to decrease and increase of the obtained solutions loss relative to the
no storage system

To evaluate the maximum and minimum gain, two of the adopted solutions were analysed.
One of them has the lowest losses (s32) and the other one the lowest cost (s6). From the
previous analysis, it was possible to verify that the reduction of the losses during the peak
hours is higher than the increase of the losses during the off-peak hours. This happens because
the losses are proportional to the square of the line currents. This difference is increased due to
two factors, namely the load during the off-peak is lower and the storage system is charged
with reduced power because the number of hours during the off-peak period is higher than the
number of hours of the peak period. Another advantage that can be achieved from this last
factor is that, since in off-peak hours the storage system is not charged at maximum power it
can provide some reactive compensation. In this situation, as verified by Fig. 11, using the
inverter also as a Statcom the increase of the losses due to the charging mode can be
attenuated. In fact, comparing with the situation of no reactive compensation, there is a
reduction of the losses by 8.8% and 8.9% for the two best solutions (s32 and s6), showing the
positive impact of the ancillary services that can be provided by the storage system.

Fig. 11: Distribution network losses for the best adopted solutions (losses and costs) for the maximum consumption power
during peak and off-peak hours.

Since during the shoulder period the storage systems are not operated in charging or
discharging mode, the losses in the distribution network will not be affected by these systems.
However, they could be used to provide ancillary services, more specifically, as a reactive
compensator. In fact, it is possible to verify the positive impact of the storage systems
operating as a reactive compensator through the results presented in Fig. 12. Through this
figure it is possible to confirm that the distribution network losses are lower when reactive
compensation is provided. Moreover, the percentage reduction is higher for the adopted
solution with higher investment (s32), 18.8%, while for the adopted solution with lower
investment (s6) is 17.4%.

Fig. 12: Distribution network losses for the best solutions (losses and costs) for the maximum consumption power during
shoulder hours.

The reduction of the peak power consumption by the use of the two solutions can also be
seen in Fig. 13. For the solution with the higher investment (s32) the reduction is higher, being
achieved the value of 35.3%, for the solution of the lower investment the reduction is 20.1%.
One of the advantages that results from these solutions, is that they are also the best ones under
the perspective of the peak load shaving and smoothing the load profile. As expected, the
lower investment solution is the one that presents a lower impact under this perspective. The
reactive compensation during the off-peak hours can also slightly attenuate the increase of the
power demand, being reduced from 0.36% and 0.32%.

Fig. 13: Power consumption for the best adopted solutions (losses and costs) for the maximum consumption power during
peak and off-peak hours.

As said before, the introduction of storage systems into the distribution grid will also affect
the voltage profiles. To verify the impact of this solution, it is presented in Fig. 14 the voltage
profiles for the maximum and minimum power consumption for three situations: without
storage systems, adopted solution with lower investment (s6) and adopted a solution with
higher investment (s32). From the results presented in this figure it is possible to verify that the
voltage profile of the distribution network during the peak hours (Fig. 14 a)) is improved,
which is justified by the injection of power by the storage systems, reducing this way the total

load power. Moreover, this figure also shows that without storage systems the voltage profile
does not accomplish what is normally required by the legislation. In fact, there are several
buses lower than 0,9 pu, the minimum value that is normally required by the legislation, with
the worst value at bus 33 which is 0.87 pu. For the period of the off-peak hours, the voltage
profile of the distribution network got worse with the storage systems (Fig. 14 c)), which is
expectable since at that period those systems are in charging mode, increasing this way the
load power. However, although there is a reduction of the voltage in each of the buses, their
values still remain inside the tolerance defined by most of the legislation. In fact, the minimum
voltage appears at bus 33 with the value of 0.917 that is higher than the normally defined
minimum of 0.9. For the same situation, but now considering the reactive compensation by the
storage systems, it is possible to verify that the voltage profile will improve (Fig. 14 d)). In
fact, with this compensation, the minimum voltage at bus 33 changed from 0.917 pu to 0.928
pu. The voltage profile of the distribution network during the maximum power at the shoulder
hours, without the use of the storage systems, can be seen in Fig. 14 b). From this figure it is
possible to verify that in some buses the minimum voltage allowed by the majority of the
legislation is not achieved, as is the cases of buses 28, 29, 30, 31, 32, 33 and 94. However,
through the use of the storage systems were they are used as reactive compensators, the voltage
profile is improved, and in all buses. The voltage level presents values that are higher than the
minimal ones defined by the legislation, those buses present values higher than 0.9 pu (Fig.
14b)). In fact, the minimum voltage of the worst bus (33) is now 0.949 pu and 0.931 pu for the
solutions with higher and lower investment, respectively.

a)

c)

Maximum power consumption during peak hours

b)

Maximum power consumption during shoulder
hours (storage systems only provide reactive
compensation)

Maximum power consumption during off-peak
hours and without reactive compensation

d)

Minimum power consumption during off-peak
hours and with reactive compensation

Fig. 14: Distribution grid voltage profile before and after the allocation of storage systems.

Regarding the savings in energy consumption from the grid at the peak hours that can be
achieved, it can be seen by Fig. 15 the values that are obtained for the two solutions. It should
be noted that these values were obtained for a 30 days period. As expected, the higher saving is
obtained for the solution associated with the higher investment, with a reduction of 35.3 %,
being the lower reduction obtained by solution s6 with 20.1 %. During the off-peak hours there
will be an increase in the energy consumption of the grid, in this case, 97.6% (for the solution
s32) and 95.3% (for the s6) of the correspondent decrease of energy during the peak hours
(reduction of the energy of 216963 kWh and 123457 kWh in the peak hours and increase of the

losses of 211795 kWh and 117750 kWh in the off-peak hours). However, due to the possibility
of providing some reactive compensation during the off-peak hours, it is possible to reduce the
increase of energy consumption by 0.36% and 0.32%.

Fig. 15: Energy consumption for the several adopted solutions and for each of the two periods (peak and off-peak hours).

7. CONCLUSIONS
In this paper, a multiobjective model and a PSO based approach to provide decision support
for the size and location of storage systems in distribution networks have been presented. The
proposed approach uses storage systems to provide peak load shaving in these networks. The
major contributions of the work are:
- The problem was defined considered the minimization of two objective functions: the line
losses and the storage system costs. The mathematical model explicitly incorporates the
conflicting nature of the objectives and the discrete nature of the decision variables.
- Nondominated solutions were computed using a methodology based on the PSO approach.

- Since the choice of the adequate solution from the set of optimal solutions is normally a
difficult task, it was also proposed a post-Pareto analysis algorithm based on the sum of the
ranking differences analysis. The proposed algorithm followed the principle of giving
flexibility to the DM, to choose different solutions in accordance with different scenarios.
- Three test scenarios were presented for the post-pareto optimality analysis. For each
scenario specific weights were assigned to the objective functions. The results showed that
even for a specific case where weights are assigned for each of the objective functions more
than one solution is obtained.
- The methodologies presented in this work were applied to a practical case study, more
specifically a Portuguese distribution network with 94 buses. In the context of this study, it was
presented three different scenarios. According to these scenarios, it was analyzed the
improvements that can be achieved with the introduction of the storage systems.
Concerning the future work, there are some directions that can be followed. One of the
directions is related with the implementation of the proposed approach to very large networks,
as well as, to ring networks. Another direction is to adapt the approach to unbalanced
networks. This will be especially useful for LV voltage networks where the problem of
unbalance is very typical.
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